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ABSTRACT 
Bracing strategy can improve the stiffness of a lightweight 
manipulator. A lightweight bracing manipulator provides better 
manuverability in gross motions and higher precision in small 
motions. In order to maintain these advantages, the structure and 
dynamics of these types of manipulators become more complicated. 
In this paper, the dynamic model, which includes gravitational effects 
and an optimal regulator with prescribed relative stability, is 
developed. The influence of the modeling uncertainties on the 
controlled system is considered. 
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A manipulator needs gross motions to· cover 
the entire task space and very precise motions to 
accomplish a specific job. For the gross motions, 
it is definitely an advantage if a· lightweight 
manipulator is used. The lightweight manipulator 
has many advantages such as higher speed, smaller 
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actuators, lower energy consumption, lower cost,. 
and safer working conditions, but it also has many 
shortcomings such as lower stiffness, larger vibration, 
and unnecessary collision induction. 
On the other hand, for precise motion, a 
manipulator requires higher stiffness for the struc-
ture. Obviously, the link structure of a lightweight 
manipulator becomes the major source of structural 
compliance. There is a conflict improving between 
the gross motions and the· precise motions. There 
have been many investigations considering this 
problem. Most of them have tried to damp out 
the unnecessary vibration by applying control 
algorithms to the lightweight structure [6, 7, lOJ or 
using damping material on the structure [1]. A 
bracing strategy may be applied to increase the 
stiffness of the lightweight structure. In order to 
write better, people would brace their wrists on a 
surface such as a table. This is the basic concept 
of a bracing manipulator. The' bracing strategy 
was described by Book et al. in 1984 [8J. Asada 
and West [4J applied a similar' strategy on a 
grinding manipulator to improve the dynamic 
characteristics of the structure in grinding opera-
tions. 
. In order to maintain the' advantages of the 
lightweight bracing manipulator, the actuators of 
the m~nipulator should be located. at a 'position as 
low as possible. An actuating link is required to 
transfer the necessary torque. The structure of the 
lightweight bracin g manipulator is basically the 
same structure reported by Wilson [15J and Holden 
[12J. The lower section of the structure' is a 
four-bar linkage. The dynamics of the structure 
becomes complicated due to the bracing condition 
and the flexible elements. 
The structural dynamics, including the rigid 
. body motions and the flexible vibrations, can be 
modeled by using Euler-Newton's method [IlJ, 
Hamilton's principle [14J, Kane's method [13J, or 
numerical methods such as the finite element 
method [5J. Constrained conditions for the closed 
four-bar linkage and the boundary condition at the 
bracing point make the modeling work more 
complicated .. To avoid the necessity of constrained 
conditions, a dynamic model of the lightweight 
bracing manipulator is developed in this paper. In 
addition to using Hamilton's principle, the modes 
superposition method is used to simplify the 
modeling work, and an' appropriate admissible 
function in the modes superposition method is used 
to satisfy the boundary condition of bracing. 
The lightweight bracing manipulator is an 
elastic structure. The highest natural frequency 
needed . to be controlled is related to the 
number of assumed modes. For implementation, 
the effect of the control depends on the spectrum 
and the maximum output of the actuator. As a 
matter of fact, the more re1ative stability the 
closed loop system needs, the larger the output 
required of the actuator. For flexible structures, 
discontinuous actuation should be avoided, therefore, 
an optimal control with a prescribed relative stability 
. is definitely helpful for this system. In this paper, 
the algorithm of the linear quadratic optimal 
control with prescribed relative stability is applied 
to control the flexible manipulator at any nQminal 
angular configuration within the w'orking range. 
MODELING OF· THE LIGHTWEIGHT 
BRACING MANIPULATOR 
The. schematic diagram of the lightweight 
manipulator is shown in Fig. I. Assume that the 
motion of the whole structure. is in a vertical 
plane. Any flexible part is treated as a Euler-
Bernoulli beam, i. e., the deflection is pure bending 
in the plane of the manipulator. 
The lower section of the. whole structure is a 
four-bar linkage, consisting of a section of the 
upper link, the lower connecting link, the lower 
link and the actuating link, as noted in Fig. I. 
The former two are reinforced structures that can 
be reasonably assumed rigid in the analysis. The 
lower link and upper link are considered flexible. 
The actuating link is much less stiff than the lower 
small manipulator 
actuating I ink 
corynecting 
Fig; 1. Schematic diagram of the lightweight bracing 
manipulator • 
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link in bending mode~, so that the actuating link 
has a small effect on the natural frequencies caused 
by the lower link. Assume that the actuating link 
deflects coincidentally with the lower link. This, 
assumption is more reasonable when there is a 
stiffener in the four-bar lin)<age as shown in Fig. 1. 
To simplify the analysis, further as~umptions 
are: the lower link and the actuating link have 
the same length; there is no interactive force 
between the large manipulator and the small 
manipulator structures; the small manipulator is 
treated as a lumped mass; and all' elastic deflec-
tions are relatively small. Using the above' 
assumptions, the physical model and the coordinates 
for the ,mathematical model can be constructed as 
shown in Fig. 2. X and Yare the axes of the 
fixed coordinate system. Xl. Y1 and X 2, Y2 are. the 
local coordinates moving with the structure' motion. 
Xl is defined to be tangent of the lower link at 
the origin of the fixed coordinate system. X 2 is 
defined along the rigid part of the upper link. U1 
and U2 are the perpendicular distances from the 
points on the structure to Xl and X 2 axes respec-
tively. 01 is the angle between Xl and X. 02 is 
the angle between X 2 and Xl. "1 is the equivalent 
torque applied on the 01 dimension and "2 is the 
torque for the O2 dimension. 
Kinetic energy 
The kinetic energy of the whole structure is: 
Fig. 2. Physical model and coordina~es of ligh~weigh~ 
bracing manipula~or. 
1 I .. 1 I . . 
K=T P1R •Rdz1+T P2R•Rdz2 
++ J P3R. Rdz3+ + IP4R. Rdz4 
1 ..' 
+-2 -m, jR·Rj (at a small manipulator position) 
1 " ' 
+TmjjR.Rj (at the end of lower link). (1) 
In Eq. (1), p;'s are the masses per' unit 'tength of 
the links, and the subscripts 1, 2, 3, and 4 are the 
lower link, the connecting link, the actuating link, 
and the upper link; respectively. The variables z;'s 
are coordinates along each ,link as shown in Fig. 2. 
R is the position vector of any point on the 
structure. A dot over a variable denotes its time 
derivative and a dot between two vectors indicates 
their inner product. 
Potential energy 
Let mj be the respective masses of ith link 
and rj -be the respective positions of the center' 
of mass of ith link as shown in Fig. 2; EI;'s are 
the respectiv.e bending' stiffnesses of each flexible 
link, where E is the modulus of elasticity and I is 
the moment of the link cross sectional area. The 
total potential energy of the lightweight bracing 
manipulator, consisting of the gravitational potential 
and the bending strain eneJ;'gy can be written as 
v =m1gr1s1-m2gr2s12+m3g[r3s1 +.e2S12J 
+ m3g(r4s12+.e1S1)+mjg.e1s1 
+m,g[.e1s1 +.e,S12J 
++(EI1 + EI3) I;' u~'2dz1 
1 It4 2 +TEI4 0 u~' dZ4 
Work done by external forces 
(2) 
There are ,two external torques, "1 and "2; 
each is applied to 01 and 02 dimensions respectively. 
In the braced case, the reactive force at the end 
effector is also an external force of the structure. 
To simplify the analysis, the reactive force at the 
end effector is neglected. The work done by "1 
and "2 is: 
.(3 ); 
Hamilton's principle 
The system dynamics must satisfy Hamilton's 
principle, i. e., 
IIO(K.:..-V+A')dt=O. o / (4) 
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Using Eqs. (1H3), and integration by parts, 
081, oih, QUI, and OU2 in the equation can be 
changed into ofh, ofh OUb and OU2. Because the 
four coordinates, 81, 82 Ub and U2, are independent, 
one will be able to obtain four equations from 
this equation. These are two ordinary differential 
equations for rigid body motions, and two partial 
differential equations for' the motions of flexural 
elements. 
Modes superposition method 
The modes superposition method will be applied 




¢li and ¢2i are the admissible functions which 
must satisfy the geometrical boundary conditions.' 
.Q1i and Q2i are the generalized coordinates of U1 
and U2. For the lower link, ¢li is the mode shape 
of the clamped-free beam. 'For the upper link, the 
admissible functions for the non-braced case, ¢2i, 
are chosen as the same as those for the lower link 
case. For the braced case, the mode shape of a 
clampe.d-pinned beam is chosen to be the admissible 
function for the upper link. ,It is assumed that 
N=2 and N'=2. All higher order terms of U1 and 
U2 are neglected. Equation (4) then becomes six 
coupled ordi~ary equations which can be linearized 
by neglecting all nonlinear terms by assuming that 
the manipulator moves slightly around a nominal 
angular position. Then these equations can be 
represented in state space form with a system of 
order twelve. That is 
x=Ax+Bu. (7) 
The derivation of the equations and the matrices 
A12x12, B12x2 and U2xl in the equation are detailed 
in Ref. [9J. x is the state variable vector, i. e., 
LINEAR OPTIMAL ,REGULATOR WITH 
PRESCRIBED RELATIVE STABILITY 
By assuming that the manipulator moves 
slightly about the nominal angular position, a linear 
time-invariant model was found as described in 
the second section. Although there are only two 
external torques on the' 81 and 82 dimensions and 
no external forces on the flexible mode dimension, 
the coupling of the inertia terms exist between each 
flexible mode and the rigid body mode. ' Therefore, 
the linearized model is completely controllable 
with state feedback control. The. linear quadratic 
optimal control algorithm with a prescribed relative 
stability is used to design the regulator. This 
design assumes that the actuators are not saturated 
at any time and that the system is . completely 
observable. 
The objective of this modified regulator is to 
design optimal control which has all teal parts of 
the closed loop eigenvalues less than a value (-a). 
This technique was first studied by Anderson' and 
Moore [2J and it is thought to be more suitable 
for the flexible system than the original control 
technique. 
The modification starts with the definitions 
(8 ) 
(9 ) 
From these definitions, xCt) and u(t) will be stable 
{x(t) or u(t)-->O when t-->oo} only if x(t) and u(t) 
decay faster than e,~I .. This is equivalent to 
requiring the closed loop system having a degree 
of stability of at least a. 
The function inside the integral sign of the 
cost function can be modified to be 
Instead of solving Eq. (7), .we solve the 
modified system as follows: 
x'=(A+aI)x'+Bu' . (11) 
The modified performance index is 
(12) 
The control u(t) is the linear state function, 
i. e., 
u'=-Fx' (13) 
and the matrix F can be evaluated with 
(14) 
where P must satisfy the Riccati's equation, which 
IS 
(15) 
Newton's numerical method [3J can be used to find 
the steady state solution of Eq. (15). Equation (14) 
is then used to obtain the feedback gain matrix, F. 
Substituting Eqs.(8) and (9) into' Eq. (13), we 
obtain 
(16) 
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the optimal feedback gain of the modified 
regulator problem can be found from the control 
law of the original problem and the closed loop 
system of the original problem will have a degree 
of stability of a at least. 
Simulation 
Choose the data of the designed lightweight 
bracing manipulator to be as in appendix A. For 
the non-braced case, use the diagonal weighting 
matrices shown in appendix B, and consider the 
prescribed relative stability with a=3, the nominal 
angular position is assumed to be th = 17°; . tJz= 116°. 
Each element in the weighting matrices can be set 
to larger values when a smaller response of the 
respective state is needed: Applying the equations 
described in the third section, the feedback gains 
of the regulator and the eigenvalues of the closed 
loop system are found and shown in appendix B. 
For the braced case, use the same weighting 
matrices as in appendix B, and consider the 
prescribed relative stability with a=3, the feedback 
gains of the regulator and the eigenvalues of the 
closed loop system can be found and are shown in 
appendix B. 
Using the feedback gains of the nonbraced 
case to control the linearized nohbraced mod.el, the 
control is'. activated after an impulse signal is 
applied on (II dimension. The time responses of 
state variables are evaluated by the Runge-Kutta 
method and shown in Figs. 3 through 5. Similarly, 
applying the control gains found in appendix B for 
the braced case, the time responses of state variables 
are shown in Figs. 6 through 8. 
Figures 4 and 7 show that the links of 
manipulator vibrate in a smaller displacement while 
an impulse of torque under the braced case is 
applied, so that the manipulator has higher stiffness 
while it is braced. 
THE EFFECT OF BRACING REACTIVE FORCE 
From the linearized lightweight bracing 
manipulator's model, good results could be expected. 
Actually, there are many uncertainties in the 
system, which are not shown in the controlled 
mathematical model because of the assumptions 
made or because of simplification of the expressions. 
These uncertainties, such as nonlinear dynamic 
terms and the reactive force on the bracing foot 
will be considered in this section to check the 
influences on the developed linear optimal regulator. 
Under bracing conditions, keeping the bracing 
foot from losing contact with the working surface 
is definitely necessary. Once the bracing foot loses 
contact with the surface, not only there is no 
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time (sec) 
Optimal control of lightweight bracing manipulator 
with prescribed relative stability, nonbraced case. 
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time (sec) 
Fig. 4;. Optimal control of lightweight bracing manipulator 
with prescribed relative stability, nonbraced cese. 
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Fig. 5. Optimal control of lightweight bracing manipulator 
with prescribed relative stability, nonbraced case. 


















Fig. 6. Op~imal conhol of ligh~weigh~ bracing manipula~or 
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time (sec) 
Fig. 7. Optimal con~rol of ligh~weigh~ bracing manipula~or 
















NO 0.2 . 0.4 0.6 0.8 
time (sec) 
Fig. 8. Optimal control cif lightweight bracing manipula~or 
with prescribed relative stabili~y, braced case. 
collision. Therefore, the bracing point needs enough 
friction to prevent detachment from- the surface 
and sliding along the surface. 
To prevent sliding from happening, the critical 
condition is that reaction force, R, between the 
bracing foot and the working surface should be 
equal to the shear force, S, at the end section of 
the upper ·link, as shown in· Fig. 9. Assume that 
the longitudinal force in the beam is much less 
than the shear force. The reaction force normal 
to the working surface is 
(17) 
where (}w is the angle between the nbrmal to 'the 
working surface and the fixed X-axis. The com-
ponent of the reaction force parallel to the 
working surface must be 
Rp =Ssin((}1+(}2+ ~ -(}w). (18) 
From Eqs. (17) and (18), the coefficient of 
friction must be 
(19) 
so tha~ there is no sliding between the bracing foot 
and the working surface. 
y 
x 
Fig. 9. Microview of bracing point •. 
------------- ----- ----- --------------
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In order to' prevent detachment of the bracing 
foot, the direction . of the reactive force must 
always be kept towards the working surface. If 
the reaction force reverses, the bracing foot will 
have a tendency to leave the working surface. 
Practically, an initial static force could be applied 
on the structure to improve the contact situation. 
The reactive force on the bracing foot is 
caused by two sources, one is the deviation of the 
h0rizontal levels between the two ends of the 
upper link and the other is the dynamic deforma-
tion of the link. The deviation was assumed to b() 
zero in the assumed clamped-pinn~d modes. As a 
matter of fact, this deviation is not always zero. 
When f}~ and f}~ or the displacement of the endpoint 
of the lower link, . u, exists, the deviation is given 
by 
(20) 
Applying the relation between the free end 
force and the defor,mation of the clamped free 
beam to cause the deviation of the ends of the 
upper link, the shear force must be 
-3fEi4 
(E4 -E.)3 . 
(21) 
Defining the directions of the forces, Rand S, in 
Fig. 9 to be positive, the force caused by the dynamic 
deflection is 
(22) 
So that the total shear, or the total reaction force 
against the manipulator is 
(23) 
If the bracing point does not move, thereac-
tion force will not affect the flexible modes in the 
model. It will only effect the rigid body modes, 






Considering the reaction force on the bracing 
foot with the incremental torques given by Eqs. 
(24) and (25) and the regulator for the braced case 
described in appendix B, the actuator is turned on 
right after an impulse is applied on the dimension 
f}l. The time responses of f}l and f}2 are shown in 
Figs. 10 and 11. Figure 12 shows the response of 
the reaction force, R .. An initial static torque is 
required to cause a 37.5 N shear force at the erid 
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Fig. 10. OpHmal control of lightweight bracing manipulator 
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Fig. 11. Optimal control of lightweight bracing .manipulator 
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time (sec) 
Optimal control of lightweight bracing nianipulator 
with considering end point bracing reaction. 
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EFFECT. OF NONLINEARITY 
To simplify the analysis of designing a linear 
optimal regulator, all nonlinear terms were disre-
garded when linearizing the mathematical model. 
In the following, the effect of the nonlinearity Will 
be considered by time response simulations. The 
lower link will be assumed rigid while keeping the 
upper link flexible. The double precision subroutine, 
DVERK, in IMSL is used in the nonlinear simula-
tion. The time response of control torque are 
shown in Figs. 13 and 14. 
o 
o 2 3 
time (sec) 
4 
[:ig. 13. OpHmal conl:rol wil:h linearized model, braced, 
higher prescribed relal:ive sl:abilil:y conl:roller. 
I Iii I I i i I i. 
0.00 0.25 0.50 0.75 
time (sec) 
5 
Fig. 14. Opl:imal conl:rol wil:h nonlinearized model, braced 
higher prescribed relative sl:abilil:y conl:roll.er. 
CONCLUSIONS 
The bracing strategy is a milestone in the 
application of lightweight manipulators. It improves 
the stiffness of the lightweight manipulators. Using 
a developed mathematical model, a method of 
designing a linear regulator with prescribed relative 
stability has been outlined. The simulation re~ults 
showed that the regulator has a good control effort 
to an impulse excitation. Both .the nonlinear 
dynamics and the reaction force on the bracing 
foot have no adverse effect on the stability of the 
controlled system. 
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APPENDIX A 
Data of Lightweight Bracing Manipulator 
stiffness of lower link Ell =241,957 N-m2 




rigid section of upper 
link 
flexible section of upper 
link 
the lumped mass at the 
end of lower link 
mass of small manipulator 





the position length of 






















(Aluminum tube, outside dia. 141.3 mm, inside dia. 
134.49 mm) 
stiffness of upper link; E14= 113,720 N-m2 
(Aluminum tube, outside dia. 114.3 mm, inside dia. 
108.2mm) 
Matrices and Closed Loop Eigenvalues 
in Optimal Control 
stiffness of actuating link EI3=20,992 N-m2 
(Aluminum column, outside width 101.6 mm, inside 
width 92.25 mm, outside height 44.45 mm, inner 
height 38.1 mm) 
the leng'th of lower link £1 = 3.048 m (10 ft) 
the length of connecting 
link £2= 0.4662 m 
R: I (2X2) 
._~_J _____ .. _ ...... _______ .... _ .. 9. .................... ______ . 
105 
loa 
the length of actuating 
link £3= 3.048 m (actual 2.2 m) . 
Q= 105 
the length of upper link £4=3.958 m 
the lengtht of rigid part 
of upper link £,=0.502 m 
the position length of 
small manipulator £.=3.048 m 
Non-braced case 
F=[ 3,995 -4,875.96 -9,221 -36,291 180,988 7,321 
25,815 40,782 11,726 25,503 3,~58 10,113 
cJosed ·loop eigenvalues 
(-2,220+0j)(-718+0j)( -55+487j)(-47+230j)(-64+ 177j) 
(-6.1 + 1.8j)( -6.2+ 1.03j) 
Braced case 
F=C1,912 -3;512.5 -22,742.3 -61,223.2 17,224.66 5,816.3 
6,685.7 62,141 24.1 10.1 7 24,503.93 5,473.56 10,923.8 
closed loop eigenvalues 
(-2,210.96+0j)( -758.6+0j)( -6.725+ 661.53j)( -26.74+ 452j) 




1,917 -1,473 942.4 309.98 6,018 2,481J 
-1,149.5 1,233 1,014 334 1,123 3,356 
2,081 -1,773.4 480.24 475.8 5,750.8 2,003.39J 
-866 -940.67 630.72 656.9 1,757.2 3,567.2 
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Discussions of this paper may appear in the 
discussion section of a future issue. All discussions 
should be submitted to the Editor-in-Chief. 
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